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Abstract

Quantitative diagnostics on the thermal states of biological bodies and optimal dosimetry in tumor hyperthermia
require general solutions for the bioheat equation. An algorithm based on the dual reciprocity boundary element
method (DRBEM) is developed to solve the integral inverse or direct bioheat transfer problems. Using this

algorithm, thermal states of the biological bodies, re¯ecting physiological conditions, can be correlated to the
temperature or heat ¯ux detected at the skin surface. The extension of the algorithm to the non-linear bioheat
model and boundary conditions is also discussed. Various cases are studied to illustrate its applications. This

algorithm can be used as an e�ective tool for thermal diagnostics in medical practices. 7 2000 Elsevier Science Ltd.
All rights reserved.
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1. Introduction

It has long been revealed that the body surface tem-
perature is controlled by the blood circulation under-

neath the skin, local metabolism, and heat exchange
between the skin and its environment [1±6]. Changes
in any of these parameters can induce variations of
temperature and heat ¯ux at the skin surface, re¯ecting

the physiological state of the human body. For
example, a highly vascurized skin tumor can lead to an
increase of local blood ¯ow and thus to an increase in

skin temperature. Temperatures at the skin above a
breast tumor have been found to be several degrees

higher than that of the surrounding area [5,6]. In¯am-
mation-induced high metabolic rate can also increase
the skin temperature. On the other hand, thrombosis

or vascular sclerosis in the peripheral circulation
decreases the blood ¯owing to the skin resulting in low
skin temperatures. In burn injuries, low skin tempera-

tures can occur due to insu�cient blood supply.
Apparently, the abnormal temperature or heat ¯ux at
the skin surface might indicate irregular peripheral cir-
culation which can be used in clinical diagnosis.

Compared to other non-invasive thermometry like
MRI, microwave, and ultrasound [6], thermal methods
appear to be more economic and safer. The non-inva-

sive diagnosis using skin surface temperature measure-
ment is appealing if accurate correlations can be
established. It requires solutions to inverse bioheat

transfer problems which, however, has received much
less attention [1,7±11], compared to studies on the
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direct problems [12±21]. Among di�erent minimal

invasive approaches, the ®nite element method (FEM)

has been well studied due to its good adaptability to

complex shapes. Nevertheless, estimations of the ther-

mal states have to be performed through numerous

invasive temperature measurements inside tissue via

inserted probes to determine blood perfusion [7]. Once

the predicted temperatures based on an initially

assigned perfusion are close enough to the measured at

the probe locations, then the perfusion is regarded as

the real value to be used. Other approaches like ®nite

di�erence method (FDM) cannot osculate the coordi-

nates of the complex biological shape. The direct

approach used in [22] to estimate the 1D blood per-

fusion possessed relatively large errors resulting from

the solution of the non-linear bioheat equation. Com-

pared with the above approaches, BEM is regarded as

an advantageous method due to its unique ability to

provide a complete problem solution in terms of

boundary values only, with substantial savings in com-

puter time and data preparation [23,24]. Ren et al. [24]

have applied BEM to identify the spatially distributed

heat sources based on simultaneous measurements of

temperature and heat ¯ux at the skin surface. But their

approach was for the steady state only. There exist

severe restrictions in the traditional BEM for solving

the bioheat transfer equation (BHTE). One is that the

fundamental solution to the BHTE with non-homo-

geneous blood perfusion term is hard to obtain pre-

sently [23,24]. Thus the equivalent boundary integral

equation is not available. And in most cases, it is

inconvenient to alter the program by incorporating a

new fundamental solution when the user wishes to

study a slightly di�erent bioheat equation. Further

more, the non-homogeneous term accounting for

spatial heating needs to be included in the ordinary

BEM formulation by means of domain integrals,

which makes the technique time consuming and lose

the attraction of its ``boundary-only'' character. In this

study, the newly developed dual reciprocity BEM

(DRBEM) [25,26] which can avoid the above restric-

tions was applied to develop a new algorithm to evalu-

ate thermal states of the biological bodies based on the

information recorded at the skin surface, i.e. heat ¯ux

or temperature. The blood perfusion and the interior

temperature distribution were reconstructed without

involving any invasive measurement. The extension of

the algorithm for the non-linear bioheat model and

boundary conditions is also discussed. Various cases

were studied to illustrate its applications. This algor-

ithm can be used as an e�ective tool for thermal diag-

nostics in medical practices.

Nomenclature

cp speci®c heat of tissue (J/kg 8C)
cb speci®c heat of blood (J/kg 8C)
heff e�ective heat transfer coe�cient (W/m2 8C)
hf convection heat transfer coe�cient (W/m2 8C)
hr radiation heat transfer coe�cient (W/m2 8C)
k thermal conductivity of tissue (W/m 8C)
q temperature gradient (8C/m)
q0 heat ¯ux (W/m2)
�q 00w constant surface heat ¯ux oscillation ampli-

tude (W/m2)
Qm metabolic rate of tissue (W/m3)
Qr spatial heating (W/m3)
t time (s)

T tissue temperature (8C)
Ta artery temperature (8C)
Tenv environmental background temperature (8C)
Tf ¯uid temperature (8C)
Ts skin surface temperature (8C)
x, y coordinate (m)

Greek symbols
o heating frequency
ob blood perfusion rate (ml/s/ml)

j phase shift (8)
e emissivity of skin
s Stefan±Boltzmann constant

a thermal di�usivity of tissue (m2/s)
b internal angle at boundary point
O calculation domain

r density of tissue (kg/m3)
rb density of blood (kg/m3)
y temperature elevation of living tissues (8C)
yf relative temperature of ¯ow

yq position parameter
yu position parameter
y� fundamental solution to Laplace equation

Secondary parameters
b 1=a
c obrbcb=k
d ÿQr=k
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2. Numerical method and algorithms

The well-known Pennes equation [27] was used to

model heat transfer in the skin tissue:

rcp
@T

@ t
� r � krT� obrbcb�Ta ÿ T� �Qm �Qr �1�

where, r, cp, and k denote density, speci®c heat, and

thermal conductivity of tissue; rb, cb are density and
speci®c heat of blood; ob (ml/s/ml) blood perfusion
rate; Qm metabolic heat generation; Ta is the supplying
arterial blood temperature and T the tissue tempera-

ture; Qr imposed spatial heating.
Without losing generality, constant properties were

used except for blood perfusion. Temperature transi-

ents due to the imposed heating can be obtained from
Eq. (1) as

1

a
@y
@ t
� r2yÿ obrbcb

k
y� Qr

k
�2�

where y�x, y; t� � T�x, y; t� ÿ T�x, y; 0� is the tempera-
ture elevated above the steady state in a two-dimen-

sional tissue. Shown in Fig. 1, x denotes the tissue
depth from the skin surface while y is along the sur-
face. a is the thermal di�usivity of tissue.

DRBEM is a transformation originated from but su-
perior to the traditional BEM. The basic idea is to
employ a fundamental solution corresponding to a

simpler equation, and to treat the remaining terms as
well as other non-homogeneous terms in the original
equation, through a procedure which involves a series

expansion using global approximation functions and
the application of reciprocity principles [25]. Eq. (2)
can be re-arranged in the following form,

r2y � b
@y
@ t
� cy� d � h�x, y; t� �3�

where, b � 1=a, c � obrbcb=k, d � ÿQr=k: The solution

of Eq. (3) can be composed of

y � ~y� ŷ �4�

where ~y is the solution of the homogeneous Laplace
equation and ŷ is a particular solution of the Poisson
equation, as

r2 ~y � 0 �5�

r2ŷ � h �6�

It is generally di�cult to ®nd a solution ŷ that satis®es

Eq. (6) which is a time-dependent second order di�er-
ential equation. The DRBEM uses a series of particu-
lar solution ŷj instead of a single function ŷ as,

ŷ�r, t� �
XN�L
j�1

gj�t�ŷj�r� �7�

where the gj are time-dependent coe�cients to be
determined; r is the distance from the point j to any

other point under consideration. N represents the num-
ber of boundary nodes and L the number of internal
nodes. The number of ŷj used is equal to the total
number of nodes in the problem. The following ap-

proximation for h is then proposed,

h1
XN�L
j�1

gj�t�fj�r� �8�

where fj are approximation functions having poly-
nomial expressions,

f � 1� r� r2 � � � � � rm �9�

where r2 � r2x � r2y �rx, ry are the components of r in
the direction of the x and y axes). Substituting Eqs. (7)

and (8) into Eq. (6) gives,

r2ŷj � fj �10�

Extensive research has shown that use of the ®rst ap-
proximation f � 1� r can produce good results for a

wide range of problems [25,26]. In this case, the corre-
sponding ŷ can be obtained as

ŷj�x, y� � r2

4
� r3

9
�11�

Substituting Eqs. (8) and (10) into Eq. (3), leads to

r2y �
XN�L
j�1

gj
�
r2ŷj

�
�12�

Then, the procedure for developing the BEM for theFig. 1. Boundary de®nition.
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Laplace equation can be applied. Eq. (12) is multiplied
by the fundamental solution and integrated over the

computation domain, resulting in�
O

�r2y�y� dO �
XN�L
j�1

gj

�
O

�
r2ŷj

�
y� dO �13�

Integrating by parts the Laplacian terms in Eq. (13)

gives the following integral equation for each source
node i,

Ciyi �
�
G
q�y dGÿ

�
G
y�q dG

�
XN�L
j�1

gj

�
Ciŷij �

�
G
q�ŷj dGÿ

�
G
y�q̂j dG

�
�14�

In two-dimensional cases, the term q̂j in Eq. (14) is

de®ned as

q̂j �
@ ŷj
@x

@x

@n
� @ ŷj
@y

@y

@n
�
�
rx
@x

@n
� ry

@y

@n

��
1

2
� r

3

�
�15�

where n is the unit vector normal to the boundary G:
It can be seen that Eq. (14) involves no domain inte-
grals. The source term has been substituted by equival-
ent boundary integrals. Discretizing Eq. (14) and

introducing the interpolation functions, it is then inte-
grated over each boundary element and written in
terms of nodal values as

Ciyi �
XN
k�1

Hikyk ÿ
XN
k�1

Gikqk

�
XN�L
j�1

gj

 
Ciŷij �

XN
k�1

Hikŷkj ÿ
XN
k�1

Gikq̂kj

!
�16�

where coe�cients Ci � b=2p: b is the internal angle at
point i on the radius. The index k is used for the
boundary nodes which are the ®eld points. It should

be noted that, since ŷ and q̂ are known functions once
f is de®ned, there is no need to approximate their vari-
ations within each boundary element. To solve for the

coe�cient g, the matrix form of Eq. (8) can be written
as:

g � F ÿ1h � F ÿ1
ÿ
b_y� cy� d

�
�17�

where each column of F consists of a vector fj contain-
ing the values of the function f at the �N� L�
DRBEM collocation points. Then the matrix form of

Eq. (16) becomes

Hyÿ Gq �
ÿ
HŶÿ GQ̂

�
F ÿ1

ÿ
b_y� cy� d

�
�18�

Letting S � ÿ�HŶÿ GQ̂�F ÿ1 leads to

S
ÿ
b_y� cy� d

�
�Hy � Gq �19�

The linear approximation will be proposed for the
variation of y, q, and t within each time step, in the
form

y � �1ÿ yu �ym � yuym�1 �20a�

q � ÿ1ÿ yq
�
qm � yqqm�1 �20b�

_y � 1

Dt

ÿ
ym�1 ÿ ym

�
�20c�

where yu and yq are parameters which position the
values of y and q, respectively, between time levels m

and m� 1: A series of tests carried out in [25] indi-
cated that, in general, accurate values can be obtained
for yu and yq of 0.5 and 1.0, respectively. Substituting

Eqs. (20a)±(20c) into Eq. (19) yields

�
Sb

Dt
� Scyu � yuH

�
ym�1 ÿ yqGqm�1 � Sd

�
�
Sb

Dt
ÿ Sc�1ÿ yu � ÿH�1ÿ yu �

�
ym

� ÿ1ÿ yq
�
Gqm �21�

Applying the initial condition (IC) and the boundary
condition (BC), one can rearrange the left side of Eq.

(21) and solve the unknowns y and q, with respect to
time. The algorithm of Eq. (21) can be ¯exibly used
for various applications.

To solve for di�erent bioheat transfer problems
involving various boundary conditions and non-linear
terms, several issues need to be addressed. For hetero-
geneously distributed heating Qr�x, y� and perfusion

ob�x, y�, calculation can be performed through directly
incorporating these terms into the above algorithm
without increasing any di�culty. But if these terms are

temperature dependent, an iteration is needed. This
can be dealt with as illustrated in the following
example.

In hyperthermia treatment, blood perfusion increases
with tissue temperature approximately following a lin-
ear relation as [28]:

ob � k1 � k2T �22�

where k1, k2 are empirical constants. Based on Eq. (1),
an algorithm corresponding to Eq. (21) can be
obtained as:
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�
Sb

Dt
� Sc 0yu � yuH

�
T m�1 ÿ yqGqm�1 � Sd 0

�
�
Sb

Dt
ÿ Sc 0�1ÿ yu � ÿH�1ÿ yu �

�
T m

� ÿ1ÿ yq
�
Gqm ÿ Sf 0T 2

�23�

where

c 0 � k1rbcb ÿ k2rbcbTa

k
, d 0 � ÿQm �Qr � k1rbcbTa

k
,

f 0 � k2rbcb

k
:

This non-linear transient algorithm due to the occur-

rence of the Sf 0T 2 term can be solved through iter-
ation at each time step. Similarly, calculations can be
carried out over the entire time period. If blood per-

fusion appears to be a non-linear function of tempera-
ture, i.e. ob � k1 exp�k2T � [20], then an algorithm with
the non-linear temperature term placed on the right-
hand side of Eq. (23) can also be built.

Eq. (21) can be directly used to solve problems
under the ®rst (temperature) or second (heat ¯ux) ther-
mal boundary conditions. At the heat convection

boundary, it has

hf�yÿ yf � � ÿk@y
@n
� kq �24�

where yf � Tf ÿ T�x, y; 0�, �x, y� 2 the convection
boundary.
Eq. (21) becomes,�
Sb

Dt
� Scyu � yuH� yqhf

k
G

�
ym�1

� yqhfyf

k
Gÿ Sd�

�
Sb

Dt
ÿ Sc�1ÿ yu �

ÿH�1ÿ yu �
�
ym � ÿ1ÿ yq

�
Gqm �25�

Based on Eqs. (25) and (21), a computer code can be

developed to solve for the temperatures at the time
step m� 1:

3. Diagnostics of thermal states of the biological bodies

In non-invasive evaluation of thermal states of the

biological bodies, only the dynamic information on the
skin surface can be used to extract important physio-
logical parameters, i.e. heterogeneous perfusion ®eld

[1]. In our previous study [29], the phase shift of the
surface temperature in response to the sinusoidal heat-
ing was shown to be related to the local blood per-

fusion and the heating frequency. But for non-
homogeneous blood perfusion frequently encountered

in tissues, 1D formulation is not su�cient. In this sec-
tion, the e�ect of the spatial variation of blood per-
fusion on the temporal temperature distribution in a

2D domain given in Fig. 1 will be explored. Addition-
ally, successful detection of the temperature distri-
bution can be used to extract the perfusion condition

and thus the physiological state. The DRBEM pro-
gram developed in this study was ®rst validated by
comparing the calculated 1D temperature ®eld with

the theoretical solution given in [29].

3.1. Validation of the algorithm

Referring to Fig. 1, a constant core temperature is
assumed at boundary III while there is an intentionally

exerted sinusoidal heating at I. Boundaries II and IV
are treated as adiabatic by assuming that tissue far
from the area of interest is not a�ected by the imposed
thermal disturbance.

q 00�x, y; t� � 0, x, y 2 II, IV

q 00�x, y; t� � �q 00w cos�ot�, x, y 2 I

y�x, y; t� � 0, x, y 2 III �26�

where �q 00w and o are amplitude and frequency of the
imposed sinusoidal heating at the skin surface, respect-
ively. Typical tissue properties are applied as given in

[30]: r � rb � 1000 kg/m3, cp � cb � 4000 J/kg 8C, k �
0:5 W/m 8C.
Fig. 2 shows the transient temperatures at �x �

0, y � 0� under the sinusoidal surface heating of �q 00w �
250 W/m2, o � 0:01: The uniform blood perfusion is
ob � 0:0005 ml/s/ml. It depicts that the numerical

Fig. 2. Validation of the DRBEM code with the theoretical

prediction in the 1D case � �q 00w � 250 W/m2, o � 0:01,
ob � 0:0005 ml/s/ml.
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results by DRBEM agree very well with the theoretical
calculation except for a small discrepancy (15%) at the
early stage of calculation.

Further, temperature responses at the surface �x �
0, y � 0� to the respective heating of �q 00w � 400 W/m2,
o � 0:01 and �q 00w � 250 W/m2, o � 0:01 are shown in
Fig. 3. The phase shift j between the heat ¯ux and the

temperature pro®le is clearly illustrated. This shift can
be recorded and applied to estimate the local per-
fusion. The correlation between perfusion and the

phase shift has been analytically obtained in [29] as:

ob � ÿ rcpo
tg�2j� � rbcb

�27�

Here j is independent of the heating magnitude �q 00w
and its value is read as j1ÿ 76� o � ÿ0:76: Substi-
tuting this value together with o � 0:01 in Eq. (27),
the blood perfusion rate is calculated as ob � 0:000508
ml/s/ml. It is very close to the above prescribed value
ob � 0:0005 ml/s/ml for computation in the whole 2D
domain. Under uniform surface heating, heat transfer

can be closely approximated as 1D when blood per-
fusion is homogeneous which is clearly illustrated by
the temperature distribution given in Fig. 4. However,

if one wishes to estimate the transient heterogeneous
blood perfusion, the present approach based on the
DRBEM algorithm is necessary. Theoretically, this
approach accounts for the dynamic change of the local

perfusion concomitant with the external heating or the
hypothermic condition. For noninvasive purpose, it is
intended to detect the temperature and heat ¯ux infor-

mation only at the skin surface. Practically, the surface
heat ¯ux qm �m � 1, 2, . . . ) is easy to apply. The
induced surface temperature responses ym �m � 1, 2,

. . . ) can then be recorded. Thus both the transient heat
¯ux and temperature are known at the skin surface,
allowing us to estimate the unknown ®eld c�x, y; t�

proportional to blood perfusion based on the above
mentioned algorithm. Due to the surface heating, d �
0 in Eq. (3). Then, by introducing the initial condition

y1, q1 and the following ym, qm, the non-homogeneous
c�x, y; t� can be reconstructed through rearranging Eq.
(21) as,

S
�
yuy

m�1 � �1ÿ yu �ym
�
c

� ÿ
�
Sb

Dt
� yuH

�
ym�1 � yqGqm�1

�
�
Sb

Dt
ÿH�1ÿ yu �

�
ym � ÿ1ÿ yq

�
Gqm �28�

Eq. (28) can be written in a matrix form:

Fig. 3. Transient temperature and heat ¯ux at the skin surface point (0, 0) �ob � 0:0005 ml/s/ml, o � 0:01).

Fig. 4. Temperature distribution in the 2D domain at time

t � 900 s � �q 00w � 400 W/m2, ob � 0:0005 ml/s/ml, o � 0:01).
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AX � F �29�
where A is the coe�cient matrix, X is the vector to be
solved, and F is the constant vector. The blood per-
fusion ®eld is obtained as ob�x, y; t� � c�x, y; t�k=rbcb:
Meanwhile, the interior temperature ®eld can also be
reconstructed using Eq. (16).

3.2. Steady state diagnostics of the tumor site

It is known that the abnormal distribution of blood

perfusion or metabolic heat generation often lead to
di�erent thermal state expressions at the skin surface.
This di�erence is bene®cial for noninvasive diagnostics

of the physiological state of the biological body. For il-
lustration purpose, the following BCs are applied to
the domain shown in Fig. 1,

q 00�x, y; 0� � 0, x, y 2 I, II, IV

T�x, y; 0� � 378C, x, y 2 III �30�
To avoid the in¯uence from the surrounding environ-
ment, the skin boundary is covered with an insulating
material long enough to allow the temperature inside
the body to reach the steady state. The core tempera-

ture is still regarded as constant as well as arterial
blood temperature �Tb � 378C). It has long been
revealed that existence of a malignant tumor often

leads to very di�erent blood perfusion rates in the
tumor and the surrounding tissues [31±35]. The meta-
bolic rate in the tumor site often appears abnormally

high. Due to a shortage of experimental measurements
of these parameters, the following assumptions are
made for a highly vascularized tumor situated under-

neath the skin:

for healthy tissue,

ob � 0:0005 ml=s=ml, x, y 2 O,

Qm � 420 J=m3 s, x, y 2 O
�31a�

for tissue with a tumor,

ob �
�
0:0005 ml=s=ml, x, y =2 L
0:002 ml=s=ml, x, y 2 L

,

qm �
�
420 J=m3 s x, y =2L
4200 J=m3 s, x, y 2 L

�31b�

where L � �jyjR0:01 m, 0:005RxR0:015 m� is pre-
scribed as tumor domain, O is the entire domain given

in Fig. 1.
Using the DRBEM algorithm, the steady state sur-

face temperature distributions were reconstructed for

both tumor and healthy tissues. Fig. 5 clearly shows
the distinct di�erence between skin temperature distri-
bution due to di�erent blood perfusion and metabolic

heat generation. The corresponding spatial temperature
pro®les are depicted in Fig. 6. The irregularity of tem-
perature distribution is quite visible in Fig. 6(a). The
non-homogeneity of the skin surface temperature

caused by the abnormal blood perfusion in the subcu-
taneous tissue may serve as an index for tumor detec-
tion in clinics. Given the small magnitude of the

temperature di�erence, high resolution thermal sensors
are required for this application.
The most recently developed high resolution thermo-

graphy can serve as an e�ective tool for temperature
sensing [1±6]. In this case, boundary I (Fig. 1) is
exposed to convection and radiation. Radiation at the

skin surface can be simpli®ed as a convection-like term
when temperature variations are small. Therefore the
boundary at I can be expressed as:

ÿK@T
@n

����
skin

� hr�Ts ÿ Tenv � � hf �Ts ÿ Tf � �32�

where hr is the apparent radiation heat transfer coef-
®cient, and Tenv is the environmental background tem-

perature while Tf is the ambient temperature and Ts

the skin temperature.
When the environmental temperature varies in a

small range, the value of hr can be estimated as hr �
es�T 2�T 2

env��T� Tenv� (where e is the skin emissivity,
s is the Stefan±Boltzmann constant) [4]. Under normal

conditions, hr is approximately 6.19 W/m2 8C. The
heat transfer coe�cient hf usually falls between 5 and
25 W/m2 8C for natural convection. Thus for a pre-
liminary analysis. heff � hr � hf � 10 W/m2 8C and

Tenv � Tf � 258C are applied. The convection algor-
ithm Eq. (25) and Eq. (21) are used to solve the ther-
mal ®elds at the skin surface and inside the body.

Fig. 7 depicts calculations of the temperature and
heat ¯ux at the skin surface while it is subject to
the convection boundary condition. Fig. 8 shows

the temperature distribution within the tissue.
Clearly, temperature distributions are di�erent
enough to be detectable through infrared thermome-

Fig. 5. Comparison of the skin �x, y 2 I� temperature of two

kinds of tissues

J. Liu, L.X. Xu / Int. J. Heat Mass Transfer 43 (2000) 2827±2839 2833



try. The very di�erent heat ¯ux distribution (Fig. 7b)

at this boundary also provides additional infor-

mation for the diagnosis. Besides, as there is no

need for the tissue to reach a new steady state as

required in the method mentioned above, this is

more practical. For diagnostic clinics, a database of

the surface temperature and heat ¯ux corresponding

to di�erent thermal states of tissue can be estab-

lished.

To improve sensitivity, forced convection can be

applied to the skin surface. Fig. 9 shows the results

calculated under two e�ective heat transfer coe�-

cient heff � hr � hf � 10, 30 W/m2 8C and Tenv � Tf �
258C: The di�erence between the highest and lowest

temperature can be enlarged by increasing heff :
One concern is which kind of tumors can be

detected through only the surface temperature or heat
¯ux acquisition, and the depth and site of a tumor can

be detected. This is in fact restricted by the sensitivity
of the surface thermometry and the algorithms applied,
and more importantly, understanding of the tumor

physiology. Calculations show, as expected, that the
closer the tumor is to the surface, the larger is the irre-
gularity in surface temperature or heat ¯ux distri-

bution. Detailed studies need to be performed to
correlate the diseased state to the thermal state of tis-
sue in clinics.

3.3. Dynamic burn evaluation

Accurate early assessment of skin damage in a burn
injury can greatly improve post care [21,36±43]. It has

Fig. 6. Steady state temperature distributions.

Fig. 7. Comparison of the skin �x, y 2 I� temperature and heat ¯ux pro®les �heff � 10 W/m28C, and Tf � Tenv � 258C).
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been found that burns cause changes in blood ¯ow

and heat conduction of skin depending on the degree
of burn. Successful detection of changes in the thermal
properties of skin can be used for burn evaluation.
Applying a pulse heating to the skin surface, the tem-

perature response is expected to be di�erent in normal
and burned tissues. For preliminary comparison, the
normal and burned tissues have been de®ned with

homogeneous heat conductivity and blood perfusion,
but of di�erent values (normal tissue: k � 0:5 W/m 8C,
ob � 0:0005 ml/s/ml; burned tissue: k � 0:2 W/m 8C,
ob � 0:0001 ml/s/ml). Lower values of thermal conduc-
tivity and blood perfusion are used for burned tissues
considering possible loss of water in the tissue and

damage to the vascular bed by burning. Calculations
shown in Fig. 10 demonstrate a very di�erent transient
temperature pro®le at the skin surface for the two
types of tissue. Compared to the quantitative evalu-

ation through color analysis of the skin surface [40±

43], the present approach possesses the advantage of

simplicity.
From our previous study [29], the temperature decay

of the skin after being heated by a constant surface
power is determined by an exponential term exp

�ÿobrbcbt=rcp� in which perfusion plays an important
role. This has also been shown by Arkin et al. [44] and
Diederich et al. [45] in analyzing pulse heating inside

tissues. Thus through exerting a heating pulse on the
skin surface and evaluating the time constant (which
can be regarded as a diagnostic index) for surface tem-

perature decay, the properties of the skin can be
obtained for the evaluation of burn injury. Fig. 11
shows the temperature evolution in burned and healthy

Fig. 8. Steady state temperature distributions.

Fig. 9. Comparison of temperatures at the skin surface (tissue

with a tumor) under di�erent convection coe�cients.

Fig. 10. Temperature response in skin surface point

�x � 0, y � 0� under; pulse heating q 00 ��
0 x � 0, jyj > 0:01m

400W=m2 x � 0, jyjR0:01m;

normal tissue; k � 0:5 W/m 8C, ob � 0:0005 ml/s/ml; burned

tissue: k � 0:2 W/m 8C, ob � 0:0001 ml/s/ml.
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Fig. 11. Temperature evolution in two tissues under pulse surface heating.
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tissues under surface pulse heating. The di�erence in
magnitude and pro®le is distinct.

4. Discussion and conclusion

The geometry and properties of biological bodies
vary drastically, which make the analysis of bioheat
transfer rather complicated. Studies on thermal states

of the biological bodies may be carried out as follows:
(1) Determination of system parameters, such as the
living tissue thermal conductivity, speci®c heat, blood
perfusion, metabolic rate; (2) Solution to direct pro-

blems with known parameters like temperature predic-
tion for heating planing in hyperthermia based on the
power input; (3) Solution to inverse problems using

measurable variables of the system to infer the
unknown system parameters; and (4) Solution to the
mixed problem using part of the measured system par-

ameters and the variables to estimate other unknown
parameters and variables, such as the simultaneous de-
termination of blood perfusion, spatial heat source,
and the temperature ®eld. Obviously, problem (4)

appears more complicated, yet is common in reality.
As has been shown above, the DRBEM is capable of
solving most of the above mentioned problems. It pro-

vides a generalized numerical approach for identifying
thermal states of the biological bodies for di�erent
purposes. More importantly, the method presented in

this paper can be used to solve an inverse heat transfer
problem without internal grid generation, which is one
of its distinctive merits in comparison to most of other

numerical methods.
In hyperthermia treatment for tumors, spatial heat-

ing exists and determination of the speci®c absorption
rate (SAR) of heat in the tissue is generally very com-

plicated. Methods used to determine the SAR for typi-
cal heating, like microwave, radio-frequency etc., are
in fact obtained through a curve ®t to the measured

temperatures [46]. However, as has been pointed out,
due to the highly non-homogeneous properties of the
biological bodies, the SAR is both location and time

dependent. The present algorithm can be used to deter-
mine the temporal distribution of SAR during heating.
For this application, variables in Eq. (21) are c�x, y; t�
and d�x, y; t�: If enough boundary heat ¯ux and tem-

perature information is recorded at each time step,
then the unknown c and d can be solved. But it should
be noted that the inverse problem involving solution of

Eq. (29) generally appears ill-posed [24]. Thus only by
incorporating some techniques like Tikhonov's regular-
ization method [47] can the equation be appropriately

solved. The number of values to be determined
depends on the number of knowns at the skin surface.
The simulations performed herein are based on very

idealistic boundary conditions. Three-dimensional
modeling is required to reveal temperature behaviors

over the skin surface when more complex BCs are
encountered in actual circumstances.
Comprehensive analysis of the irregular thermal

state at the skin surface and its correlation to the
abnormal circulation or metabolic rate in tissue under-
neath is rather complex. As discussed in [1], although a

unique three-dimensional perfusion ®eld can be recon-
structed through a series of two-dimensional imaging
at the skin surface when subjected to dynamic changes

in the thermal state, the depth of the detectable ®eld is
dependent on the sensitivity and speed of the IR
imaging system. Above all, correlations of the thermal
information at the skin boundary to the abnormal

physiological parameters, i.e. circulation or metabolic
rate in tissues, are imperative for application of the
boundary information based diagnostics in clinics.

To date, diagnostics of the material properties based
on observation of thermal signals on the surface of an
object has been extensively investigated [48±52].

Recently, a series of papers about thermal infrared
medicine were published in the journal of IEEE Engin-
eering in Medicine and Biology [July/Aug., 1998].

Enhancement of the di�erence in surface thermal pic-
tures between diseased and healthy tissues is the key to
improving diagnostic accuracy. The DRBEM algor-
ithm developed in this research can be viewed as one

of the promising approaches. Its potential value
depends upon whether the boundary temperature and
heat ¯ux can be accurately measured at the same time

to non-invasively reconstruct the internal perfusion
®eld that is of great importance in clinical practices. In
the case of uniform blood perfusion, other methods

can also be used as discussed earlier. However, blood
perfusion is expected to be heterogeneous at the scale
of small vessels and capillaries. The heterogeneity can
not be easily resolved due to the limitation of the cur-

rent measuring techniques. The present method has po-
tential to provide point by point estimation of
perfusion non-invasively.
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